Abstract. We give an alternative proof of the invariance of the Drinfeld pairing under the action of the braid group.
Introduction
Let U be the quantized enveloping algebra over Q(q) associated to a symmetrizable generalized Cartan matrix (a ij ) i,j∈I . We have the triangular decomposition U = U − U 0 U + , where U 0 is the Cartan part, U + = e i | i ∈ I is the positive positive part, and U − = f i | i ∈ I is the negative part of U respectively. It is an important problem to give an explicit description of the Drinfeld pairing τ : U + × U − → Q(q), which is defined to be the bilinear form characterized by certain properties. In fact giving an explicit description of τ is equivalent to giving that of the universal R-matrix. Moreover, in the finite case various properties of representations when q is not a root of 1 are deduced from it (see for example [1] ).
For i ∈ I denote by T i : U → U the algebra automorphism introduced by Lusztig [4] (in the finite case there is a different definition due to Levendorskii and Soibelman [3] ). Let W = s i | i ∈ I be the Weyl group. Let w ∈ W , and take a reduced expression w = s i 1 · · · s ir . Set
for k = 1, . . . , r. Then there is a well-known formula for the value of τ (e (see [2] , [3] , [4] ). A crucial step in the proof of the above formula (using Lusztig's definition of T i ) is the following invariance property;
The original proof of this result in [4] uses some computation concerning certain generating sets of the algebras U ± ∩ T i (U ± ). The aim of this note is to give another more direct proof of it using a relation between the Drinfeld pairing and the Shapovalov form.
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quantized enveloping algebras
Assume that we are given a finite-dimensional vector space h over Q and linearly independent subsets {h i } i∈I , {α i } i∈I of h, h * respectively such that ( α j , h i ) i,j∈I is a symmetrizable generalized Cartan matrix. Set
The Weyl group W is the subgroup of GL(h) generated by the in-
. Set E = i∈I Qα i . We can take a W -invariant symmetric bilinear form
∈ Z >0 for any i ∈ I. Then we have (α i , α j ) ∈ Z for i, j ∈ I. We assume that we are given a Z-form h Z of h such that
The quantized enveloping algebra U associated to h, {h i } i∈I , {α i } i∈I , ( , ), h Z is the associative algebra over F = Q(q) generated by the elements k h , e i , f i (h ∈ h Z , i ∈ I) satisfying the relations
i e j e (s)
where
, and e (r)
The associative algebra U is endowed with a structure of Hopf algebra by
for h ∈ h Z , i ∈ I. We will sometimes use Sweedler's notation for the coproduct;
and the iterated coproduct;
Then we have
It is known that the multiplication of U induces isomorphisms
For a (left) U-module V and λ ∈ P we set
A U-module V is said to be integrable if V = λ∈P V λ and for any v ∈ V and i ∈ I there exists some N > 0 such that e (n)
) .
They are known to be irreducible integrable U-modules. For λ ∈ P + we set v λ = 1 ∈ V + (λ), and
The following result follows easily from the proof of [1, Lemma 2.1].
Proposition 2.1. The following conditions on u ∈ U are equivalent to each other:
For i ∈ I and an integrable U-module V define an operator T i : V → V by
It is invertible, and satisfies T i V λ ⊂ V s i λ for λ ∈ P . There exists a unique algebra automorphism T i : U → U such that for any integrable U-module V we have
The action of T i on U is given by
(see [4] ). For i ∈ I and integrable U-modules V , V ′ we define an operator
, where
It is invertible with
The following result is well-known (see [2] , [3] , [4] 
By Proposition 2.2 we have 
Lemma 2.4. We have
Proof. We only show the first formula since the proof of the second one is similar. Let u ∈ U + ∩ T i (U ≧0 ). Let V be an integrable U-module, and let v ∈ V . For λ ∈ P + we have
and hence
Therefore, we have
and hence h∈h Z (q λ,h − 1)u h V = {0} for any integrable U-module V . By [4, 3.5.4] we obtain h∈h Z (q λ,h − 1)u h = 0 for any λ ∈ P + . From this we see easily that u h = 0 for any h = 0.
By Lemma 2.3 and Lemma 2.4 we obtain
The Drinfeld pairing is the bilinear form
characterized by the following properties:
It satisfies the following properties:
(see [5] ).
By the triangular decomposition
We define a linear map p : U → U 0 to be the projection with respect to this direct sum decomposition.
Proposition 3.1 (see Proposition 19.3.7 of [4] ). Let γ ∈ Q + , and let
Proof. Writing
we have
Hence by (3.6), (3.7), (3.10) we have
from which we easily obtain our desired result. 
Proof. We only show the first formula since the proof of the second one is similar.
Hence by (2.11) we obtain
We have only to show T
. By Proposition 2.1 it is sufficient to show that for any integrable U-module V and any λ ∈ P + we have
Then for y ∈ U − , m > 0 we have On the other hand by
. Now we can show (3.12). By (2.10) we have
By (3.13), (3.14) we have
and hence 
of [4]). The multiplication of U induces isomorphisms
Proof. We only show the first formula since other formulas are proved similarly. The injectivity of
Hence it is sufficient to show that for any γ ∈ Q we have
, and
The purpose of this note is to give an alternative proof of the following result. 
+ . By Proposition 3.1 it is sufficient to show
By (2.11), (2.12) we can write
. Furthermore, by (2.11), (2.12) and Lemma 3.3 we can write
Hence by (3.6), (3.7), (3.10) we obtain (3.15)
In particular, we have 
